Introduction.
Euler proved that the partitions of a natural number « into distinct parts are equinumerous with the partitions of « into odd parts [2, p. 277 The notation Si -Sj denotes the set {w£S,| w£.Sy}. By p(S{; n) we denote the number of partitions of « into parts taken from Si. By ç(5,; w) we denote the number of partitions of « into distinct parts taken from 5,-. We shall write S<= {si(i), s2(i), s3(i) In §2 we shall prove Theorem 1. In §3 we examine some of the corollaries of Theorem 1. Proof of Theorem 1. First we treat sufficiency. The generating function for q(Si; re) is unes, (1+2"), which is absolutely and uniformly convergent for |ç| g 1-5.
The generating function for p(S2; re) is unes, (1-ffn)_1, again absolutely and uniformly convergent for \q\ ¿ 1 -S. Now assuming 2S1ÇS1 and S2 = Si -2Si, we have na+?-) = n a-?**)(!-?")-1
This establishes that q(Si; re) =£(£2; re) for all re. Therefore (Si, S2) is an Euler-pair. Next we treat necessity. We suppose that (Si, S2) is an Euler-pair. If (Si, S3) were also an Euler-pair, then by the lemma and the definition of Euler-pair we have S2 = S3. If we can show 2SiÇZSi, then as above we know that (Si, Si-2Si) is an Euler-pair and hence S2 = Si -2Si. Thus we need only show that 2SiÇISi. agree as power series in q for the first 2sr(l) coefficients. However, if these two functions were unequal, then by the lemma they would have unequal coefficients among the first 2sr(l) coefficients; hence these products are equal. Thus, cancelling them in the above equation, we obtain n a-«?»)-1« n a-?2-) n a-?")-1-nSSj;na2«r(l) »eSx;ns«r(l) neSj;n>2»r(l)
Consider now the coefficient of g2"*'» in the power series expansion of both sides of this equation. On the'left-hand side it is either 0 or 1, and on the right-hand side it is -1. Thus we have a contradiction, and therefore we must have 2S1ÇS1. This completes the proof of Both of Euler's theorems are obvious consequences of Theorem 2, as is Schur's result. Göllnitz's theorem is not a corollary of Theorem 2, but it is easily deduced from Theorem 1. We may also prove many other partition theorems which do not seem to have been noted. Theorem 3. The number of partitions of a natural number n into distinct parts, each of which is representable as the sum of two squares, equals the number of partitions of n into odd parts each of which is representable as the sum of two squares.
Proof. By [2, p. 299], « is representable as the sum of two squares if and only if 2b is. The desired result now follows from Theorem 2.
Theorem 4. 7/p is a prime = 1, 7 (mod 8), then the number of partitions of a number n into distinct quadratic residues (mod p) equals the (mod p).
Proof. Since p = \, 7 (mod 8), 2 is a quadratic residue (mod p) [2, p. 75] . Thus re is a quadratic residue (mod p) if and only if 2w is a quadratic residue (mod p). The desired result now follows from Theorem 2.
